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A Mathematical Theory of Communication

By C.E. SHANNON

INTRODUCTION

T HE recent development of various methods of modulation such as PCM and PPM which exchange

bandwidth for sipnal-to-noise ratio has intensified the interest in a general theory of comnmumication. A
basis for such a theory is contained in the important papers of Nyquist! and Hartley? on this subject. In the
present paper we will extend the theory to include a number of new factors, in particular the effect of noise
in the channel, and the savings possible due to the statistical structure of the original message and due to the
nature of the final destination of the information.

The fundamental problem of communication is that of reproducing at one point either exactly or ap-
proximately a message selected at another point. Frequently the messages have meaning; that 1s they refer
to or are correlated according to some system with certain physical or conceptual entities. These semantic
aspects of communication are irrelevant to the engineering problem. The significant aspect is that the actnal
message is one selected from a set of possible messages. The system must be designed to operate for each
possible selection, not just the one which will actually be chosen since this is unknown at the time of design.

If the number of messages in the set is finite then this number or any monoetonic function of this number
can be regarded as a measure of the information produced when one message is chosen from the set, all
choices being equally likely. As was pomted out by Hartley the most natural choice is the loganthmic
function. Although this definition must be generalized considerably when we consider the influence of the
statistics of the message and when we have a continnous range of messages, we will in all cases use an
essentially logarithmic measure.

The loganithmic measure is more convenient for various reasons:

1. Itis practically more useful. Parameters of engineering importance such as time, bandwidth, number
of relays, etc., tend to vary linearly with the logarithm of the number of possibilities. For example,
adding one relay to a group doubles the number of possible states of the relays. It adds 1 to the base 2
logarithm of this immber. Doubling the time roughly squares the number of possible messages, or
doubles the logarithm, ete.

2. It is nearer to our intuitive feeling as to the proper measure_ This is closely related to (1) since we in-
‘mitively measures entities by linear comparison with commeon standards. One feels, for example, that
two punched cards should have twice the capacity of one for information storage, and two identical
channels twice the capacity of one for transmitting information .

3. It is mathematically more suitable. Many of the limiting operations are simple in terms of the loga-
rithm but would require clumsy restatement in terms of the number of possibilities.

The choice of a loganithmic base corresponds to the choice of a unit for measuring information. If the
base 2 is used the resulting units may be called binary digits. or more briefly bifs, a word suggested by
J.W. Tukey. A device with two stable positions, such as a relay or a flip-flop circuit, can store one bit of
information. N such devices can store N bits, since the total number of possible states is 2V and log, WN_ N
If the base 10 is used the units may be called decimal digits. Since

logy M = logyp M/ logyy 2
3.32log;p M,
" Nyquist, H., “Certain Factors Affecting Telepraph Speed.” Bell System Technical Journal, April 1924, p. 324; “Certain Topics in

Telegraph Transmission Theory,” AJEE. Trans., v. 47, Apnl 1928, p. 617.
Hanley, R. V. L., “Transmission of Information,” Bell System Technical Journal, Tuly 1928, p. 535.
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A method is developed for representing amy commumication
system geometrically. Messages and the corresponding signals are
points in two “function spaces,” and the modulation process is a
mapping of one space into the other. Using this representation, a
number of results in communication theory are deduced concern-
ing expansion and compression of bandwidth and the threshold
effect. Formulas are found for the maximum rate of fransmission
of binary digits over a system when the signal is perturbed by
various types of noise. Some of the properties of “ideal” systems
which transmit at this maximum rate are discussed. The equivalent
number of binary digits per second for certain information sources
is calculated.

1. INTRODUCTION

A peneral communications system is shown schemati-
cally in Fig. 1. Tt consists essentially of five elements.

1) An Information Source: The source selects one mes-
sage from a set of possible messages to be transmatted to
the recetving terminal. The message may be of various
types; for example, a sequence of letters or numbers, as
in telegraphy or teletype. or a continuous function of time
f(£), as in radio or telephony

2) The Transmitter: This operates on the n

WFORMATION
SOURCE  TRANMSWITTER

RECEVED
SIGNAL

NOISE
SOURCE

Fig. 1. General communications system.

perturbations. Distortion ean, in prnciple, be corrected by
applying the mverse operation, while a perturbation due to
noise cannot always be removed, since the signal does not
always undergo the same change duning transnussion.

4) The Receiver: This operates on the received signal
and attempts to reproduce, from it, the original message.
Ordinarily it will perform approximately the mathematical
inverse of the operations of the transmtter, although they
may differ somewhat with best design in order to combat
noise

5) The Destination: This 1s the person or thing for whom

some way and produces a signal suitable for transmission
to the receiving pomt over the channel. In telephony, this
operation consists of merely changing sound pressure nto
a proportional electrical current. In telegraphy, we have
a encoding operation which produces a sequence of dots,
dashes. and spaces corresponding to the letters of the
message. To take a more complex example, in the case of
multiplex PCM telephony the different speech functions
must be sampled, compressed, quantized and encoded, and
finally mterleaved properly to construct the signal.

3) The Channel: This 1s mersely the medium used to
transmit the signal from the transmitting to the receiving
point. It may be a pair of wires. a coaxial cable, a band
of radio frequencies, etc. During transmission, or at the
teceiving termimal, the signal may be perturbed by noise
or distortion. Noise and distortion may be differentiated on
the basis that distortion is a fixed operation applied to the
signal, while noise mvolves statistical and unpredictable

‘This paper is reprinted from the PROCEEDINGS OF THE IRE, vol. 37, no.

1, pp. 10-21, Jan. 1949,
Publisher Trem Identifier S 0018-9219(98)01299-7

the is intended.

Following Nyquist' and Hartley ? it is convenient to use
a logarithmic measure of information. If a device has n
possible positions it can, by definition, store log,, 1 units of
information. The choice of the base b amounts to a choice
of unit, since log, 7 = log, clog.m. We will use the base
2 and eall the resulting units binary digits or bits. A group
of m relays or flip-flop cirenits has 2™ possible sets of
positions, and can therefore store log, 2 = m bits.

If it is possible to distinguish reliably M different signal
functions of duration 7" on a channel, we ean say that the
channel can transmit logy M bits in time 1" The rate of
transmussion is then log, M /1" More precisely, the channel
capacity may be defined as

e g lom M
C=fmr @

'H. Nyquist, “Certain factors affecting telegraph speed,” Bell Syst. Tech.
J,wvol 3, p 324 Apr 1924

R.V.L H; y, “The transmission of information,” Bell Syst. Tech.
7., vol 3, p. 535-564, Tuly 1928.

0018-9219/98$10.00 @ 1998 IEEE
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Sequence Logo

17 Bacteriophage T7 RNA polymerase binding sites

TRl

ttattaat acaact cact at aaggaga
aaat caat acgact cact at aga ac
Cggttaat acgact cact at aggagaac
aagt aat acgact cagt at a aCaa
taattaatt gaact cact aaa agac
Cgcttaat acgact cact aaaggagaca

6 of 17 sites

OO0~ WNE

Schneider &
Stephens

Nucl. Acids Res.
18: 6097-6100
1990



Sequence Logo

17 Bacteriophage T7 RNA polymerase binding sites

Schneider &
Stephens

Nucl. Acids Res.
18: 6097-6100
1990

ttattaat acaac act at aaggaga
aaat caat acgacg cact at aga ac
cggttaat acgacft cact at aggagaac
aagt aat acgacf cagt at a aCaa
taattaatt gaacf cact aaa agac
Cgcttaat acgact cact aaaggagaca

6 of 17 sites

2 bits/base

OO0~ WNE



Sequence Logo

17 Bacteriophage T7 RNA polymerase binding sites

Schneider &
Stephens

Nucl. Acids Res.
18: 6097-6100
1990

T

AT>

ttattaatacaac act at aaggpa
aaat caat acgacg cact at aga
cggttaat acgacft cact at aggajgpac

aagt aat acgacf cagt at a acaa
taattaatt gaacf cact aaa apac
Cgcttaat acgacf cact aaaggajgpca

D QD 5
O 64

OO0~ WNE

1 bit/baseJ



Sequence Logo

17 Bacteriophage T7 RNA polymerase binding sites

aaat caat acgac
Cpgttaat acgac
Aagl aat acgac

OO0~ WNE

~—t

aat taatt gaac
Ct t aat acgac

act at aa
act at aga
actat a
agt at a
act aaa
act aaa

kO bits /base

T

AT>
D QD 5
O 6

AacC

acaa

ACa

Schneider &
Stephens

Nucl. Acids Res.
18: 6097-6100
1990



Sequence Logo

17 Bacteriophage T7 RNA polymerase binding sites
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ttattaat acaact cact at aaggaga
aaat caat acgact cact at aga ac
Cggttaat acgact cact at aggagaac
aagt aat acgact cagt at a aCaa
taattaatt gaact cact aaa agac
Cgcttaat acgact cact aaaggagaca

OO0~ WNE

Individual Information

Schneider &
Stephens
Nucl. Acids Res.

18: 6097-6100
1990

3 BIts
33.
37.
34.
33.
30.
29.
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Sequence Logo and Sequence Walker

17 Bacteriophage T7 RNA polymerase binding sites

[T 1 ey

N Stephens
£1 i Nucl. Acids Res.
AI 18: 6097-6100
/& V V V 1990
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0 COOMNMNOULSMANTAOOONOLSMANATAOANM IO .
5 O QS it S T T 3 Bits

ttattaat acaact cact at aaggagag 33. 3
aaat caat acgact cact at aga ac 37.4
coott aat acgact cact at acgagaac 34.4

aaot aat acgact cagt at a acaa 33.1
taattaatt gaact cact aaa acgac 30.1
cocttaat acgact cact aaaggagaca 29.1

- Dttaatacg dCtCacCta _adgg - _._ i

' a Patent
29.1 bits B6T 402

OO0~ WNE




Sequence Logo and Sequence Walker and Rsequence

17 Bacteriophage T7 RNA polymerase binding sites

AIHLM [

Schneider &
Stephens

Nucl. Acids Res.
18: 6097-6100
1990

11

""""" 3 BIts
33. 3

37.4

ttattaat acaact cact at aaggaga
aaat caat acgact cact at aga ac

OO0~ WNE

cggttaat acgact cact at a

aagt aat acgact cagt at a
taattaatt gaact cact aaa
Cgcttaat acgact cact aaa

Rsequence is the average: 35.0 -

agjaac
aCaa
agac
ajacCa

34. 4
33.1
30.1
29.1

- (0.0 bits



Sequence Logo and Sequence Walker and Rsequence

17 Bacteriophage T7 RNA polymerase binding sites
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More Information Theory - 1

An Intuitive Approach

Information to chose one symbol from A symbols:

logy M (1)
= —log,1/M.

1/M is like the probability of a symbol.

If the probabilities P; of different symbols, i, are not equal,
then the surprisal is:

u; = —log, P;. (2)

how surprised one is to see a symbol
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EXAMPLE =
A phone rings once every 1024 seconds. g
Ping = 1/1024
Pailent = 1023/1024
Surprisal:
surprisalyjng = —log,(1/1024) = 10 bits
surprisalgi|ant —log5(1023/1024) ~ 0 bits

The average surprisal is called the uncertainty, H:

H = Pino X surprisal ;o + Pijent X surprisal

ring ring silent



More Information Theory - 2

EXAMPLE =
A phone rings once every 1024 seconds. g
Ping = 1/1024 (3)
Pailent = 1023/1024 (4)
Surprisal:
surprisal gy = —log,(1/1024) = 10 bits (5)
surprisalgijant —log,(1023/1024) ~ 0 bits (6)

The average surprisal is called the uncertainty, H:

H = Pring X surpri53|ring + Fsilent X surprisalgjjent (7)

H = Pring X (_IOgQ(Pring)> + Psilent X (_IOgQ(PsiIent)) (8)
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More Information Theory - 3

For M symbols use the sum () ) notation:

M
H = ZR; X (surprisal for ;) (9)
i=1
M
= Zpi X (—logy P;) (10)
i=1
M

— _ Z P;log, P, bits per symbol (11)
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More Information Theory - Example

M
H = - Z P;logy P;  bits per symbol (1)
i=1
Simplified Example | For two symbols, plot the uncertainty
MZQ, P+ P =1 (2)
Ph=1—P (3)
H = —P1 10g2 P1 (4)
_|_
—PQ 10g2 PQ

H = —Pl 10g2 P1—|—(—(1—P1)10g2(1—P1)) (5)
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M
H = - Z P;logy P;  bits per symbol (1)
i=1

Simplified Example

For two symbols, plot the uncertainty

M=2  P+PFP=1 (2)
1 uncertainty, H (bits)

Pho=1-P (3) Lo
H= —Plog, P (4) 0.9
+ 0.8
—PQ 10g2 PQ 0.7
0.6-
H=-P log2 P1—|—(—(1—P1)10g2(1—P1)) (5) 0.5-
0.4
0.3-

0.2- / \

0.14
0.04

0.00102030405060.70.8091.0
probability of one symbol
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M
H = - Z P;logy P;  bits per symbol (1)
i=1

Simplified Example | For two symbols, plot the uncertainty

M=2  P+PFP=1 (2)
1 uncertainty, H (bits)
P=1-P (3) .
H= —Plog, P (4) 0.9
+ 0.8+
— Py logy P 0-71

H = —Plog, P1—|—(—(1—P1) 10g2(1—P1)) (5)
NOTE 1: lim Plog, P =0
P—0

0.00102030405060.70.8091.0
probability of one symbol



More Information Theory - Example

M
H = - Z P;logy P;  bits per symbol (1)
i=1

Simplified Example | For two symbols, plot the uncertainty

M=2  P+PFP=1 (2)
1 uncertainty, H (bits)
P=1-P (3) .
H= —Plog, P (4) 0.9
+ 0.8+
— Py logy P 0-71

H = —Pl 10g2 P1—|—(—(1—P1)10g2(1—P1)) (5) o

NOTE 1: lim Plog, P =0
P—0

NOTE 2: The curve peaks at
P1 = 0.5 when P1 = (1 — Pl) = PQ.

0.0+

0.00102030405060.70.8091.0
probability of one symbol



More Information Theory - Example

M
H = - Z P;logy P;  bits per symbol (1)
i=1

Simplified Example | For two symbols, plot the uncertainty

M=2  P+PFP=1 (2)
1 uncertainty, H (bits)
P=1-P (3) .
H= —Plog, P (4) 0.9
+ 0.8+
— Py logy P 0-71

H = —Pl 10g2 P1—|—(—(1—P1)10g2(1—P1)) (5) o

NOTE 1: lim Plog, P =0
P—0
NOTE 2: The curve peaks at
P1 = 0.5 when P1 = (1 — Pl) = PQ.

Maximum uncertainty 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
is at equal probability. probability of one symbol

0.0+




More Information Theory - Maximum

M
H = - Z P;logy P;  bits per symbol (1)

=1 uncertainty, H (bits)
1.04
0.9
0.8
0.7
0.6
0.5
0.4+
0.3
0.2
0.1/

0.0 | 1 1 1 1 1 1 1 1 1 1
0.00102030405060.70.8091.0
probability of one symbol
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More Information Theory - Maximum

M
H = - Z P;logy P;  bits per symbol (1)
i=1

uncertainty, H (bits)

1.0
0.9

All Equiprobable Symbols

P, = i, for all ¢ (2) ol
M 0.7

0.6

0.5

0.4

0.3

0.24 f \

0.1

0.0 | 1 1 1 1 1 1 1 1 1 1
0.00102030405060.70.8091.0
probability of one symbol
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=1 uncertainty, H (bits)
All Equiprobable Symbols (1)'3'
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More Information Theory - Maximum

M
H = - ZPZ- logs P;  bits per symbol (1)
=1 uncertainty, H (bits)
All Equiprobable Symbols (1)'3'
1 , 0.8
P, = i for all ¢ (2) 0.
M 1 1 0.6+
H = — —1] — 0.5-
Z Vi 089 M (3) ol
1=1 :
| | M 0.3-
H = —|—log, — 1 (4 0.29/ \
1 1 oo+
_ 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
H = - (M log2 M) M (5) probability of one symbol
1
H = -1 — 6
082 M (6)

H = loga M (7)



More Information Theory - Maximum

M
H = — Z P;log, P;  bits per symbol (1)
i=1 uncertainty, H (bits)
All Equiprobable Symbols (1)'3_
1 . 0.8-
P, = R for all 2) ..
Mo . 0.6-
H = - Z Vi log, Vi (3) g'i:
1=1 '
1 M 0.3-
H = —(=log,— )Y 1 (4) 9%
(M ©82 M) ; ) 0.1
1 1 0.0 | T T T T T T T ! ! '
B 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
H = - (M 1Og2 M) M (5) probability of one symbol
1
H = -—log, i (6) Maximum uncertainty

is at equal probability.
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Rfrequency

Information required
to find a set of binding sites

(G = # of potential binding sites
— genome Size IN Some Cases

~v = number of binding sites on genome

Rffrequency — Hbefafre — Haftefr
logy G — log, 7y

—1og27/G



Rfrequency

Information required
to find a set of binding sites
In a genome

_q

16 positions

1 site
log,16/1 = 4 bits

_q

16 positions

2 sites
mT 109, 16/2 = 3 bits




RNA Splicing

* Copy DNA (transcription)

donor acceptor

RNA Intron Intron exon

* RNA Splicing

spiiced RNA (SO €xon ] exon




Donor and acceptor logos

T T Tl L .

~ acceptor )

g~ exon
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Rsequence and Rfrequency for Splice Acceptors

Rsequence

TTT_,_TTTTTTTTTT T

e Information at binding site sequences (area under sequence logo)
e from: binding site sequences
e 9.4 bits per site

donor acceptor

R frequency

intron exon

|- >

e Information needed to locate the sites
e from: size of genome and number of sites (length of intron+exon)
e 9.7 bits per site

Rfrequency/Rsequence = 0.97




Rsequence = Rfrequency Hypothesis

Hypothesis:

The information in
binding site patterns
Is just sufficient
for the sites to be found
In the genome




Rsequence versus Rfrequency

Pattern Info

Binding Site Total Pattern Information needed to Location Info
Recognizer! Information Locate Site in Genome
—_— R _ Rsequence
— Rsequence — Rfrequency Rifroquency
(bits) (bits)
Spliceosome acceptor?  9.35 + 0.12 9.66 0.97 +0.01
Spliceosome donor 7.92 4+ 0.09 9.66 0.82 +0.01
Ribosome 11.0 10.6 1.0
A cl/cro 177+ 1.6 19.3 0.9+0.1
LexA 21.5+1.7 18.4 1.2+0.1
TrpR 23.4+1.9 20.3 1.2+0.1
Lacl 19.2 £ 2.8 21.9 0.9+0.1
ArgR 16.4 18.4 0.9
O (A Origin) 20.9 19.9 1.0
Ara C 19.3 19.3 1.0
Transcription at TATA® 3.3 ~ 3 ~ 1
T7 Promoter 35.4 16.5 2.1

1T D. Schneider, G. D. Stormo, L. Gold, and A. Ehrenfeucht. J. Mol. Biol., 188:415-431, 1986.
2R. M. Stephens and T. D. Schneider. J. Mol. Biol., 228:1124-1136, 1992.
3F. E. Penotti. J Mol Biol, 213:37-52, 1990.
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Rsequence Versus Rfrrequency = meanlng

The information in the binding site pattern (Rsequence)
Is close to

The information needed to find the binding sites (R trequency)

But for a species in a stable environment:

e size of genome (G) is fixed (e. g. E. coli has 4.7 x 10° bp)
e number of binding sites () is fixed (e. g. there are ~50 E. coli LexA sites)

SO R trequency = 108y G/ is fixed

Rsequence must evolve towards Rfrequency!
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® Ritrequency 15 Tixed relative to Rgcquence
o Does Rgequence €volve toward Rtyequency !

Setup a Computer Model, ‘Ev':
A population of “creatures” with

e genomes containing 4 bases (A, C, G, T)

e a defined genome size (G) P

e predetermined binding site locations (v) ¢ : «’}Tequc‘i”cy
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\




Evolution of Binding Sites

® Ritrequency 15 Tixed relative to Rgcquence
o Does Rgequence €volve toward Rtyequency !

Setup a Computer Model, ‘Ev':
A population of “creatures” with

e genomes containing 4 bases (A, C, G, T)
e a defined genome size (G) P
e predetermined binding site locations () ¢ : «’}Tequc‘i”cy
(to fix the frequency of sites) ) 15 Txe
e a recognizer gene encoded in the sequence:
use a weight matrix

\




How A Weight Matrix Works

Sequence matrix, s(b,[, j) for sequence j

base b position 1
C A G G T C T G C A
-3 ~2 ~1 0 1 2 3 4 5 6
A 0 1 0 0 0 0 0 0 0 1
C 1 0 0 0 0 1 0 0 1 0
G 0 0 1 1 0 0 0 1 0 0
T 0 0 0 0 1 0 1 0 0 0
Individual information weight matrix, R;,(b,!)
base b position 1
-3 —2 —1 0 | 2 3 4 5 6
A +04 |+13| -14 -88 -58 +11 +15 -18 -0.7 |+0.0
C +06| -08 -24 -78 55 |-37| -16 -22 |[-05| -0.2
G -06 -10 |+16]| |+20| -62 +07 -11 |+1.7| -03 404
T -1.0 -09 -17 -58 |+20| -34 |-16/ -22 409 -05




Unevolved Ev Creature

+ +10 +
CTT C CCTTAAC
04 -353 oc -411 05 -63

+ 1022 +314
+1212

AT A

0T +227
+878

+ +50 +
C C A CAACCACCATAA
24 -412 2C -447 20 +276 2T -248

S

+ +310 +
A C A cCT ACTCATC T
44 + 164 Al =S 45 +467 ST ARa2E]

+284 +1363

+510 +226

+ +120 +

B TCAT T EE L L C T

thr +180 +1566 +210
+490 —448
+602

+ +170 +
CCACCTA T A

-555 +641
+305

CAAT

+ +2 10 +

TCC TTEC CAT AT AAC

+422 TR - -1158
+398 +407

+ 1160 + 3985

+ +250 Y
T CTCCT CAATCTIATC

+455 + 755
+233

+ 1138 +462 +301

+20 + +30 + +410)
T € AACACCTCTGCGATCGAA|
14 408 e e il 15 -13& 1T -1e0
+356 +354
+337 +347 +356
+E0 + +70 + +50
AlT T T A AARAATTTCTTAG|
34 =21 3C +168 30 +63 3T +4398
+5598 +432
+E0E + 388 +3 10351
+100 + +110 + +120
CITACATAT ECGAAACAR|
S 2 T = Ei— T ET +1&
LIS
+140 + +150 + +1&80
AAAGTAGCTCAAAAGTTACTA
_57 -711 +263
+976 +205 -388
+180 + +150 + +2 00
e G A TGAATGTGTTT CGCA
+515 + 744 + /65
S +9965 +989
el LEdlE e -E19
+220 + +230 + +2 40
AAACACTCAATCCGCACCTA
7 -91 ~442
+200 +565 +335
+54]
+2E0
o



Unevolved Ev Creature

+ +10 - +20 - +320 + +40
CTTGCCGECTTAACATGATICC ARARCACCTETGCATLEGAA
04 -353 oC -411 0C -3 0T +227 1A -408 1C +134 15 -13& 1T -1&0
+ 1022 +314 +378 +356 +384
+1212 +357 +347 +356
+ +50 + +E0 + +70 + +350
(& C A CAACCACCATAA ﬁlTT T A A AATTTCTTA |
24 -412 2C -447 20 +276 2T -248 34 -21 3C +168 30 +&3 3T +438
+545 +4352
+ 255 +E05 +388 +318351
+ +40 + +100 + +110 + +120
A C A ESl ACTCATOC TClTﬁCﬁTﬁT ENE ﬂﬂlﬁCﬂlﬁl
44 + 164 4C -392 A0 +4E7 AT +429 EA 237 LC +234 EC -424 ET +1&
+284 + 1363 +1131
+510 +226
+ +1z20 + +140 + +150 + +160
A T K il EEEE G G T AAA T A CTCAAAA T T A< T R
thr + 1380 + 1566 +210 =57 -711 + 268
+450 -448 +926 + 205 -388
+E02
+ +170 + +180 + +130 + +2 00
C AAT CCACCTA T A C A T A AT T TTT & A
-555 +641 +515 +744 + 765
+ 505 +212 + 4996 + 4989
+351 +34& +L5B3 -519
+ +2 10 + +220 + +220 + +240
TENE T G CAT AT A AC AAACACTC CAATTCLC CACCTA
+422 +387 1158 (Eo 0 91 —447
+398 +407 +200 +5EG +33%
+ 110 + 3985 +551
+ +250 + +260
T CTELCY CAATCTIATCCC
+455 +755
+2349

+ 1138 +462 +301

“blue”

gene
weight
matrix:
6 bp

wide



Unevolved Ev Creature

+ +10 ¥ 420 = +20 + +40
ETTOCCGCECTTAACATEGATICC ARARGCGACCTCECTGATCGCGAAR|
0A 353 ]2 G L 00 63 R 1A —408 1C +134 1 -136 1T -160
+1022 +314 +878 +356 +384 ubl 1]
TR +337 +347 T ue
+ +50 + +50 + +70 + +50 gene
& C A CAACCACCATAA A|TT T A AﬂATTTCTTﬂl h
= e b 20 +276 T 34 -21 CEEGE 3G +63 3T +493 Welg t
+598 +432 .
4755 +EOS +388 +310351 matrix:
+ +40 + +100 i +110 = it 6 bp
A C A [E ACTCATTC TC|TﬁCﬂlTﬂT EoE ﬂﬂlﬁCﬂﬁ' Wlde
44 1164 A0 392 AT 4467 4T 4429 CA 237 EC +234 EG 424 5T +16
+284 +1363 S
+510 +276
+ +120 ¥ +140 - +150 + +160
A TCAT T e & T A A A T A CTCAAAMA TTACTA
thr +180 +1566 +210 _57 S +768
+440) _448 +976 +205 _888
+602
+ +170 + +180 + +150 + +2 00
C AAT CCACCTA T A C A T AAT T TTT @ A
-GGG +641 +515 +744 +765
+305 B +996 +939
+351 +346 4583 519
+ +2 10 + +220 + +230 + +2 40
TlEr & T CAT AT A AC AAACACTC CAATTCTC CACCTA
T T e 2 B _447
+398 +407 +200 +5ES +335
1160 +985 +541
+ +250 ¥ 4260
T CTECT CAATCTIATCCEC C
+4E5 + 755
+739
+1198 +462 +301

Genome positions available G = 256 bases



Unevolved Ev Creature

+ +10 - +20 - +320 + +40
CTT I CCTTAACAT A T| @ A A A C TCT AT C A Jﬂ'«l
04 -353 oC -411 0C -3 0T +227 1A -408 1C +134 15 -13& 1T -1&0
+ 1022 +314 +378 +356 +384
+1212 +357 +347 +356
+ +50 + +E0 + +70 + +350
(& C A CAACCACCATAA ﬁlT T T A A AATTTCTT A |
24 -412 2C -447 20 +276 2T -248 34 -21 3C +168 30 +&3 3T +438
+545 +4352
+ 255 +E05 +388 +318351
+ +40 + +100 + +110 + +120
A CAGCTGACTCATCL TCITACATAT CECGCAAACAKR
44 + 164 4C -392 A0 +4E7 AT +429 EA 237 LC +234 EC -424 ET +1&
+2584 +1363 R
+510 +226
+ +1z20 + +140 + +150 + +160
A T K il EEEE G G T A A A T A C T CAAAA T T A< T R
thr + 1380 + 1566 +210 =57 -711 + 268
+450 -448 +926 + 205 -388
+E02
+ +170 + +180 + +130 + +2 00
C AAT CCACCTA T A C A T A AT T TTT & A
-555 +641 +515 +744 + 765
+ 505 +212 + 4996 + 4989
+351 +34& +L5B3 -519
+ +2 10 + +220 + +220 + +240
TENE T G CAT AT A AC AAACACTIC CAATTCLIC CACCTA
+422 +387 1158 (Eo 0 91 —447
+398 +407 +200 +5EG +33%
+ 110 + 3985 +551
+ +250 + +260
T CTECCT CAATCTIATCCC
+455 +755
+2349
+1158 +462 +301

“blue”

gene
weight
matrix:
6 bp

wide

v =16
binding
sites

Genome positions available G = 256 bases

R frequency = 10gy 256/16 = 4 bits



Unevolved Ev Creature

+ +10 + +20 + +30 + +40
CTTGCGCCTTAACATGATI|GC AAGACGTCTGATCGA A|
s, —S55 oC -411 05 -&3 [P Se 22y 14 408 e e il 15 -13& 1T -1e0
+1022 +314 +87E +356 +354
+1212 +337 +347 +356
+ +50 + +E0 + +70 + +50
CGCAGCAACCACCATAAGAITT T A AAATITETTAG|
28 -412 2C -447 20 +276 2T -248 34 =21 3C +168 30 +63 3T +4398
+5598 +432
“h S +E0E + 388 +3 10351
+ +30 + +100 + +110 + +120
A CAGCGCTGACTCATC TCITACATAT CCGARACAR|
44 4164 4 392 45 4467 AT 4429 S 2 T = Ei— T ET +1&
+284 +1363 +1131
+510 +226
+ +130 + +140 + +150 + +160
ACTCAT TEGEECECCGEL TAAAGTAGCTCAAAAGTTACTA
thr + 180 + 1566 +210 Y =7t +26E
+440 —445 + 976 + 205 -85
+E02
+ +170 + +180 + +150 + +2 00
CAAT CCRACCTA T A C A T AATGCTGTTT C A
-EGE +641 +515 + 744 + /65
+ 3805 +212 + 996 +9849
] T -E19
+ +2 10 + +220 + +230 + +2 40
T CCoGTITCGCAT AT AAC AARAACACTCIAATCCGCACCTA
+422 + 387 = U -91 —442
+ 398 +407 +EEE L EEls
+ 1160 + 335 +54]
+ +250 + +2E0 .
T ETECT CARTCTIAYCC T found real site
+455 +755
+2349
+11398 +462 +301

“blue”

gene
weight
matrix:
6 bp

wide

v =16
binding
sites

Genome positions available G = 256 bases
R frequency = 10gy 256/16 = 4 bits



+ +10 + +20 + +20 + +40
Eea C CCTTAACAT .f%T| E A A A C e mn ATC & ﬁl
04 -353 oC -411 0o -3 0T +227 14 -408 1C +134 10 -13& 1T -1&0
+1022 +314 +878 +356 +384
+1212 +337 +347 +356
+50 + +&0) + +70 + +80
& C A CAACCACCATAA -fa|TT T A f«=1f=TTTCTT¢1|
28 -412 20 -447 20 +276 2T -248 34 =21 3C +168 30 +63 3T +498
+595 +4352
+255 +E05 +3858 +231EE51
+ +40 + +100 + +110 + +120
A CERAGCGETGEGARAECTEATE TCITACATAT ECGCGAAAC AR
44 +184 4C -392 40 +467 4T +429 EA 237 SC +234 SO -424 ET +1&
+284 + 1363 +1131
+510 +226
+ +120 + +140 + +150 + +160
A TCAT T G GG E T A A A T A CTCAAAMA T 1 AC T R
thr +130 + 1566 +210 =57 -711 +264
+440 -445 + 926 +205 -588
+&02
+ +170 + +1E80 + +140 e +2 010
CAAT CCACCTA T A C A T A AT T T T & A
-5E5 +E£41 +515 +744 +765
+ 805 +212 +995 +959
£1 +348 +583 -5149
+ +2 10 + +220 + +220 + +240
TNENE T = CAT AT A AC AAACACTCRAATCLC CACCTA
+422 +387 -1158 1605 | -442
+395 +407 +20 +5E5 +335
+ 1160 +4935 +541
+ +250 + +260 -
T ETECY CAATCT|aTCCC fc?und real S'_te
+455 +755 missed real site
+2349
+11398 +462 +301

Unevolved Ev Creature

“blue”

gene
weight
matrix:
6 bp

wide

v =16
binding
sites

Genome positions available G = 256 bases
R frequency = 10gy 256/16 = 4 bits



Unevolved Ev Creature

+ +10 - +20 - +320 + +40
CTTGCCGECTTAACATGATICC AAGACGTCTGATCGAA
04 -3E3 TN =4Vl G —5S W ALEE 14 —408 e el 15 -13& 1T -1&0
+1022 +314 +878 +356 +384 ubl "
+1212 +337 +347 +356 ue
+ - +50 + ﬁ +E1D + +710 ) + +E0 gene
CGCAGCAACCACCATAAGA|TT T A AAATTTCTTAGI ioh
24 -412 2C 447 20 +276 2T -248 3a =21 3C +1e8 30 +&3 3T +448 Welg t
+5498 +432 N,
+ 255 + 05 +388 +310351 matrlx'
+ +30 + +100 + +110 + +120 6 bp
A ERACCTGRAECTEATE TCITACATAT CCGAAACAA] wide
44 +1&64 4C -342 45 +4&7 4T +425 e SIC An2iEd SIG, =zl ET +1&
+284 +1363 EERIRTESHE
+E10 +226
+ +1z20 + +140 + +150 + +160
AGTCAT TGEECEGE TAAAGTAGCTCAAAAGTTACT A
thr + 180 + 1566 +210 =54 =7l +268
+440 —448 + 826 + 205 -8EE
+E02
+ +170 + +1E80 + +140 e +2 010
C T CC ACC T T A C A T A AT T TTT &
-EEE +&41 +51% +744 +765
+ 805 +212 + 996 +9849 ’y — ]_6
Sl LEElE s —E14 bndn
+ +2 10 + +220 + +220 + +240 I I g
TCCGTTCGCATGATGAAC AAACACTCAATCCGCACCT A sites
+422 + 387 -1158 | —1605 41 —442
+3498 +407 + 20 +EEE +33E
+ 110 + 485 +E41
+ +250 + +260 -
T CTECT CAATCT|aTCCC found real site

+455 +755 \ missed real site
+239 ]
+1198 +462 +301 found wrong Site
Genome positions available G = 256 bases
R frequency = 10gy 256/16 = 4 bits
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Evolution Cycle

EVALUATE each creature

« translate the recognizer gene into a weight matrix
o scan the weight matrix across the genome
o count the number of mistakes:
W missing a site at a right place
O finding a site at a wrong place
« Sort the creatures by their mistakes

REPLICATE: the best creatures are mutate
duplicated and replace the worst ones / \
MUTATE all genomes randomly replicate eluate

&S,

Kill sort

——



Evolved Ev Creature

+ +10 + +20 + +30 + +410
TTTAA E e T A T C C|TAACTAA AATATCC|
04 =260 nc +157 oG -7& o7 =154 1a 2459 12 +42 10 -252 1T -203
+ +50 + +&0 + +70 + +80
TE T i A E ATT AACTA|A G EnEE R T T FE T E T|
28 =133 2C =471 20 =450 2T +28 34 +165 3C +33%5 30 -73 3T -357
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e BUT the information curves (sequence conservation) differ
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e BUT the information curves (sequence conservation) differ

e Put letters into the graph proportional to their frequency
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Splice Junction Sequence Logos

e 90% of the splice junction
information is on the intron side
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Splice Junction Sequence Logos

e 90% of the splice junction
information is on the intron side

e Hypothesis:
, donor and acceptor sites had a
O common ancestor that duplicated
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Splice Junction Sequence Logos

e 90% of the splice junction
information is on the intron side

e Hypothesis:
, donor and acceptor sites had a
O common ancestor that duplicated

e They evolved to put the information
into the intron. This avoids affecting

Seeas Ll A= o the proteins.
donor

Intron AV T

o proto
_ TTT—.—TTTTTTTTTT T / \

acceptor =
3'/ exon \/
_41iagﬁér acceptor
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Information is a Decrease of Uncertainty

e Before binding a recognizer is anywhere on the
nucleic acid

e After binding a recognizer is at its binding sites

e Information R is a decrease of uncertainty:

R=—-AH = Hbefafre — Hafter

e This is how both Rsequence and Rfrequency
were defined.
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More Information Theory - Individual Information

e Information at position [ as in a sequence logo:

Rsequence(l) — Hbefore_ after(l)
= 2 — Haftefr(l)

e Individual Information matrix (difference of surprisals)
for base b at position [,
based on frequency of bases f(b,1):

Ri(b,1) = 2— (—log, f(b,1) + e(]))

e(l) = small sample correction.

e Applied and averaged over a set of sequences
Ri(b, 1) gives the area under the logo

e Proven by John Spouge (NIH, NLM) to be unique



Individual Information Curves
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Relating Uncertainty H to physical entropy S

e Uncertainty with probabilities P, and M states:

M
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Relating Uncertainty H to physical entropy S

e Uncertainty with probabilities P, and M states:

M
H=— Z P;log, P, (bits per state)
i=1

e Boltzmann-Gibbs entropy for {2 microstates:

0 .
joules
=—ks ) BHInPF .
; N (K - mmrostate)

e [ relates to S when symbols M = microstates ():

S =kgIn(2)H




Thermal Noise, Sound and Isothermal binding

e [hermal noise hitting a molecule is sound
in all directions, at all frequencies (up to a cutoff)



Thermal Noise, Sound and Isothermal binding

e [hermal noise hitting a molecule is sound
in all directions, at all frequencies (up to a cutoff)

e [he speed of sound is 1.5 nm per picosecond
in sea water at 25°C




Thermal Noise, Sound and Isothermal binding

e [hermal noise hitting a molecule is sound
in all directions, at all frequencies (up to a cutoff)

e [he speed of sound is 1.5 nm per picosecond
in sea water at 25°C

e Sound crosses the 2 nm diameter of DNA
in 1.3 picoseconds




Thermal Noise, Sound and Isothermal binding

e [hermal noise hitting a molecule is sound
in all directions, at all frequencies (up to a cutoff)

e [he speed of sound is 1.5 nm per picosecond
in sea water at 25°C

e Sound crosses the 2 nm diameter of DNA
in 1.3 picoseconds

e 50 heat leaves a binding DNA or RNA recognizer
In picoseconds!
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Thermal Noise, Sound and Isothermal binding

e [hermal noise hitting a molecule is sound
in all directions, at all frequencies (up to a cutoff)

e [he speed of sound is 1.5 nm per picosecond
in sea water at 25°C

e Sound crosses the 2 nm diameter of DNA
in 1.3 picoseconds

e 50 heat leaves a binding DNA or RNA recognizer
In picoseconds!

e Equilibration is so fast
that the Before and After states
are at the same temperature

e [ is constant, binding is isothermal
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Second Law of Thermodynamics

e Clausius inequality for heat () into the system:

15 > %2

T TQ
e Integrate with 7" constant for isothermal %

biological processes:

@
T
e Substitute for AS to AH and then to R:

AS >

kT In(2) < % (joules per bit)
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e Minimum energy dissipated to get a bit:

Epin = kT In(2) < _—RQ (joules per bit)

e () is heat going into t
o [f R >0then ) <0
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neat goes OUT = BINDING
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e Minimum energy dissipated to get a bit:

Epin = kT In(2) < _—RQ (joules per bit)

e () is heat going into t
o [f R >0then () <0
o [f R<Othen (@) >0

e When R < 0 one wou
the recognizer to bind
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Minimum Energy Dissipated per Bit

e Minimum energy dissipated to get a bit:

Epin = kT In(2) < _—RQ (joules per bit)

e () is heat going into t
o [f R >0then () <0
o [f R<Othen (@) >0

e When R < 0 one wou
the recognizer to bind

ne protein-DNA system

neat goes OUT = BINDING
neat goes IN = UNBINDING

d have to force

e | Sequences with Rz < 0 are not binding sites.




Individual Information Density Curve
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How A Weight Matrix Works

Sequence matrix, s(b,[, j) for sequence j

base b position 1
C A G G T C T G C A
-3 ~2 ~1 0 1 2 3 4 5 6
A 0 1 0 0 0 0 0 0 0 1
C 1 0 0 0 0 1 0 0 1 0
G 0 0 1 1 0 0 0 1 0 0
T 0 0 0 0 1 0 1 0 0 0
Individual information weight matrix, R;,(b,!)
base b position 1
-3 —2 —1 0 | 2 3 4 5 6
A +04 |+13| -14 -88 -58 +11 +15 -18 -0.7 |+0.0
C +06| -08 -24 -78 55 |-37| -16 -22 |[-05| -0.2
G -06 -10 |+16]| |+20| -62 +07 -11 |+1.7| -03 404
T -1.0 -09 -17 -58 |+20| -34 |-16/ -22 409 -05




How A Weight Matrix Works

Sequence matrix, s(b,l, j) for sequence j

base b position 1
C A G G T C T G C A
-3 ~2 ~1 0 1 2 3 4 5 6
A 0 1 0 0 0 0 0 0 0 1
C 1 0 0 0 0 1 0 0 1 0
G 0 0 1 1 0 0 0 1 0 0
T 0 0 0 0 1 0 1 0 0 0
Individual information weight matrix, R;,(b,!)
base b position 1
-3 —2 —1 0 | 2 3 4 5 6
A +04 |+13| -14 -88 -58 +11 +15 -18 -0.7 |+0.0
C +06| -08 -24 -78 55 |-37| -16 -22 |[-05| -0.2
G -06 -10 |+16]| |+20| -62 +07 -11 |+1.7| -03 404
T -1.0 -09 -17 -58 |+20| -34 |-16/ -22 +09 -05
]

)

Sequence Walker




rrnB P1

Sequence Walker example

*4164270
C
g a

oD

oD

*4164260
a
t

*4164250

*4164240
a
t

rrnBP1°

»
-
-
o
o
-
»
T

*4164290 *4164300 *4164310 *4164320 *4164330

*4164280

)
-
3
<
o
=
)
T

— P astFis 5.3 bits

5

Q:g;tc

*4164380
attachs

*4164360 *4164370

*4164350

5 0 a : ftattttaéafttcctctf.gfcaggccgéaafaactcc.cf taat g3

*4164340
aataaaatttaaaggagaacagtccggccttattogagggat

ttt

t

Cc

3

pl0 8.4 bits

&3« p35 5.5 bits

distal UP 6.6 bits

p35- (22) - pl0 4164377 Gap 2.3 bits

proximal UP 4.4 bits

13.7 bits

proxi mal UP- (27) - p10 4164377 Gap 3.4 bits

di stal UP- (45)-pl0 4164377 Gap 5.4 bits
di st al UP- pr oxi mal UP- p35- p10 4164377 tot al
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Complex Sequence Walker Example

e o0 promoters have a —35 and a —10
e Using information theory we discovered that

stress-response ¢>® promoters do not have a —35
e Instead, they have a —10 and two UP elements

038 promoter talA P1 is complex!
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Biological Information theory: the mathematics of biology

1744 Human acceptor sites

2-
24 24
o o
T
0 COONOUTNNAODO~NOLLTON O o N O'ObNHOHc'\J_c!O_vLO
5,(\I|‘_I|‘_I|FI‘FI|\_I|‘_I|FI|FI|FI|‘_I| IIIIIIIII 3, 5' 1 1 1 I

17 Bacteriophage T7 RNA polymerase binding sites

’ & [ASAT®

bits
204 =+
)=
18+
.
13(H ==
|—|
o
|—|
|—|
|—|
=
|—|
T

o ot BB DR S
1 ttattaatacaact cact at aaggaga

2 aaat caat acgact cact at agagggac
3 cgott aat acgact cact at aggagaac
4 gaagt aat acgact cagt at agggacaa
5 taattaatt gaact cact aaagggagac
6 cocttaat acgact cact aaaggagaca
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12799 Human donor sites
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