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1. Introduction

There exists a unique partition of the positive integers into two disjoint
sets A and B such that no two distinct integers from the same set sum to a

Fibonacci number (see [1], [2], and [3]). For the purposes of this paper, we
shall refer to this partition as the "Fibonacci-free partition." The first few
numbers in the sets 4 and B are:

A S Tl 3 6 8y 9y Tl wends

E=1{2, 4, 5, 7, 10, 12, ...}.

In this paper, we shall prove that the sets 4 and B can be written in the
form

A = {[n¢]1} - {[mo]|Ep(me) > ¢/2},

B = {[n¢2]1} U {[ms]|£p(ms) > ¢/2},
where m is a positive integer, ¢ = (1 + V5)/2, n ranges over all the positive
integers, and fp(x) denotes the fractional part of x. (We depart from the

standard notation where (&) denotes the fractional part of x to avoid confusion
in complicated expressions. See Lemma 4.4 below, for instance.) We shall also
prove the following conjecture of Chris Long [4]: the set 4 satisfies the
equality 4 = {[n¢]} - A', where 4’ = {[s¢3]|s € A}.

We remark that in [3] it is shown that the Fibonacci-free partition cannot
be expressed in the form 4 = {[nall, B = {[nb]} for any a and b, but that the
above result shows that such a representation is "almost" possible.

A note on notation: in this paper, unless otherwise specified, F, denotes
the n'™® Fibonacci number, [x] denotes the least integer > x, and dist(x) is the
distance of x from the nearest integer, i.e.,

dist(x) = min{x - [x], [zl - =xl.

2. An Important Lemma

Definition: A positive integer a is said to have the distance property if
dist(a¢) > dist(¢F)

for all Fibonacci numbers F > g.

Lemma 2.1: All positive integers have the distance property.

This crucial lemma is the key to the proof of Theorem 3.4 below. It will
be used in the proofs of all three lemmas in the next section.

Proof: We proceed by induction. Note first of all that 1 has the distance pro-
perty. So now suppose that there exists F, 2 2 such that all integers =< F,
have the distance property. We have to show that all integers < F,,; also have
the distance property. It is well known that Fibonacci numbers have the
distance property. So we need only check that if %k is any integer such that
Fp < k < Fy41, then dist(k$) > dist(¢F,4;1).
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The case k = F,,; is clear; therefore, we can safely assume kX < F,,;. Let
m=k - F,. Then m is a positive integer < F,_; so that dist(m¢) > dist(¢F, 1),
by the induction hypothesis. There are two cases to consider:

(1) dF, 11 > Fn+2' Then diSt(QJF,,_,_i) = fp(¢F,:+1). So to show that diSt(¢Fn+1) <
dist(k¢), we just need to show two things:

fp(¢Fn+l} < fP(k¢) and fp(pr-r;-g-l) e fp(k¢>).
First of all, note that fp(m¢) > fp($F,-;), since
fp(m¢) = dist(m¢) > dist(¢F,_1) = £p(¢F,-1).

Now, dist(¢F,) < dist(¢F,_;), and since dist(¢F,) = F,,; - ¢F,, this means that
fp(¢’Frz—1)_ (Fn+l & ¢Fn) > 0. Thus,

fp(¢-‘-pr) + fp(¢F‘z—1) ¢'Fn - (Fn+1 - l) + fp(d)f'_r-l)
L fp(d)F.‘.‘.-l) . (Fn+l - ¢Frr)

zels

But fp(m¢) > fp(¢F,_1), so fp(¢F,) + fp(mé) > 1. By the definition of m above,
R S i, wmis If Tollbwa that

fp(k¢) = fp(¢Fy) + fp(mp) - 1
> fp(9F,) + £p(9F,-y1) - 1
= £p(¢F,41)-
It remains to be shown that fp(¢F,.;) < 1 - fp(k¢). We have
fp(k¢) = £p(¢F,) + fp(me) - 1
< fp(¢Fy,)
1 - dist(¢F,)
<1 - dist(¢Fn41)
1 - fp(dF,41),
i.e., 1 - fp(ke¢) > fp(¢F,+1), so we are done.

]

(2) ¢Fp41 < Fyyp. 1In this case, dist(¢F,4+1) = 1 - £p(¢F,4+1); thus, we need to
show that fp(¢F,4+1) > fp(k¢) and that fp(¢F,. ;) > 1 - £fp(kdé). The arguments
are almost the same as in case (1), so we will not repeat them here. Again we
find that dist(¢F,4;) < dist(kd).

This completes the proof.

3. The New Characterization

Lemma 3.1: [m$2]+ [n$2] is never a Fibonacci number (m, n positive integers).

Proof: Suppose [m¢2]+ [né2] = F; for some i. Since m and n are positive, F; 2 5
(just let m = n = 1). Now,

F; F
== | =¥ty S
[¢z] [¢(¢ )] ["
e ds = (lFdo——Foy,

which equals either F. =l — F g .= F. .5 =1 6t — l=(F:.7.~ 1) =F; 5. But
we also have
[g} * [[m(l + I+ A+ 0] m+md+0)] _
(m + n) (1 + ¢) $2

[}

£ & Hglel ~ = By = 1= [4F; ~ K]

=3 |ﬁIJ

¢2
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{m+n+ [me] + [ng]
- m+ n+ mb + no

« (m+ n)J.

To evaluate this expression, note that the denominator of the big fractiomn
here exceeds the numerator by no more than 2, and the denominator is more than
2(m + n), so the fraction is greater than

2m+n) -2 m+n-1

2(m + n) m+ n

Hence, multiplying the fraction by m + n ,will give a number between m + n - 1
and m + #n, so the entire expression (after flooring) evaluates to m+ n - 1.

Equating the two expressions for [F;/¢?], we see that m+ n — 1 equals either
F;.5 — 1 or F;.5. In other words, there are two cases to be considered:

m+?’E=F5_2 and .?'.7.7+?’£:F._,:_2+]..
Suppose first that m + n = F;_,. There are two subcases:

(1) (m+ n)¢ < F;_,. Then [m¢] + [n¢] must equal either F;_; - 1 or F;_; - 2.
But if [m¢] + [#¢] were equal to F;_; - 2, then fp(m¢) + fp(n¢) would have to
equal 1 + fp(¢F;_5), so that either fp(mp) or fp(n¢) would have to be greater
than fp(¢F;_5). But fp(¢F;_p) = 1 = dist(¢F;_,), so this would mean that
either m or n would not have the distance property, contradicting Lemma 2.1.
Hence, [m¢] + [nd] = F;_; - 1.

(2) (m+ n)¢ > F;_1. Then [m¢] + [n¢] must equal either F;_; - 1 or F;_;. But
if [m¢] + [né] were equal to F;_j, we would have fp(m¢) + fp(nd) = fp(¢F;_2),
which would imply that either fp(m¢) or fp(n¢) was less than fp(¢F;_p). But
fp(¢F;-5) = dist(¢F;_5), so this would mean that either m or »n would not have
the distance property, contradicting Lemma 2.1. So again we have [mp] + [n¢] =
Fi_l Eps ].-

It follows that

[m$2] + [n¢2] =m+n + [mp] + [né] = F, o, + Fr_1 - 1 =F; - 1,
contrary to the assumption that [md2] + [n¢2] = F;
Suppose now that m+ n = F;_, + 1. Then [m¢] + [n¢] is either F;_.; + 1 or
F?:‘-l’ and

[m$2] + [n¢2] =m+n+ [mp] + [ne] =F; o+ 1+ F,_1+r=F; +1+mnr,
where » = 0 or 1, again contrary to the assumption that [m¢2]+ [n¢2]= F.. This
establishes Lemma 3.1.

Lemma 3.2: 1f [m¢] + [nd] is a Fibonacci number (where m and »n are distinct
positive integers), then either fp(m¢) > ¢/2 or fp(n¢$) > ¢/2, but not both.

Proof: Suppose [m$] + [né] = Fp for some k. Now [(m + n)¢] exceeds [m¢] + [n¢]
by at most one, so [(m + n)¢] is either Fj or Fi + 1. Let us write [(m + n)¢]
as F, + r, where r = 0 or 1. Then

(m+n)¢ - fp((m + n)¢) = [(m+ n)¢] = F + r,
s0
g B fp((m + n)¢) y Bty
¢ ¢
pilnllms e, X + ¢Fp - Fre1 + Fry1 - Fr
¢ ¢
= EP_(%LQQ + .l:;: + dist(d;Fk) + Fk—l‘
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Let & denote the sum of the first three terms in this expression. Since

dist(¢Fy) < %, we have x > -1. Moreover,
fp((m 7 2
fpllm w2 22
® b ¢
so & < (2/¢) +% < 2. It follows that m + »n equals either Fp_; or Fr_; + 1.
Suppose m + n is Fp_j. Then [(m + n)¢] = [¢F4-1], which cannot equal Fj +1

and, therefore, must equal F;. Thus, dist(¢Ffy_;) = fp(¢Fy-1). Then, by Lemma
2.1, fp(m¢) and fp(n¢) must both be greater than fp(¢Ffr_;). But

[(m+ n)¢] - [me] - [n¢] = fp(mp) + fp(n¢) - fp((m + n)¢)
= fp(m¢) + fp(n¢) - fp(dFyr-1)
must be an integer, so it must equal 1. In other words,
[m$] + [n¢] = [(m+m)¢] -1 =1F, -1,

but this is a contradiction.
Som+mn=F_1+1. Then m¢ + n¢ = ¢Fr,_; + ¢. We split into two cases:
(1) ¢Fr_1 > Fx. We have
F, = [m¢] + [n¢] = mp + n¢ - £p(mp) - fp(nd)
= ¢F, 1 + ¢ - fp(m¢) - fp(ng)
= fp(m¢) + fp(ne) = ¢Fx-1 - F + ¢
= dist(¢Fx_1) + ¢.

So it is clearly impossible for both fp(m¢) and fp(n¢) to be less than ¢/2; we
need to show that they cannot both be greater than ¢/2. Suppose fp(m¢) = ¢/2 +

€] and fp(n¢) = ¢/2 + ey, where e; and ey are both positive and €] + g3 =
dist(¢Fy_1). Then fp(|m - n|¢) = |e; - €| < dist(¢Fx-1), but since m and n
are distinct (and this is where distinctness is really crucial), jm - n| is

strictly positive, and this contradicts Lemma 2.1 (since |m - n| is a positive
integer less than F,.;). Hence, fp(m¢) and fp(n¢) cannot both be greater than
b/2.

(2) ¢Fr-1 < Fy. The argument is similar, except that here
fp(m¢) + fp(ng) = ¢ - dist(¢Fy-1).

Then clearly we cannot have both fp(m¢) and fp(n¢) greater than ¢/2, and writ-
ing fp(m¢) = ¢/2 — €7 and fp(n¢) = ¢/2 - 5 leads to the same contradiction as
before.

Lemma 3.3: 1f fp(m¢) > ¢/2, then [m¢p] + [#$2] is not a Fibonacci number. (m
and n are positive integers but not necessarily distinct.)

Proof: We show that Fj — [m¢] can be written in the form [n¢] for some n if
F, > [m¢]. There are two cases:

k
(1) Fp = [¢Fx-1] + 1. If Fyp_1 = m, then Fr - [m¢] = 1, which is of the form
[1-¢]. Otherwise, F;,_; > m. Moreover, by Lemma 2.1,
1 - fp(m¢) = dist(m¢d) > dist(¢Fy-;) =1 = fp(¢Fx_1),
i.e., fp(m¢) < fp(dFx-1). Let d = (Fy-1 - m)¢. Then
fp(d) = fp(¢Fx-1) - fp(mp) < 1 - /2.
It follows that [d + 4] = [d] + 1, and also that [d] = [¢Fyx-1] — [m¢]. Thus,
Fy, - [me]=[¢Fx—1] + 1 - [m] = [d] + 1 = [d + ¢] = [(Fx-1 - n + 1)¢],
s0 we can just set n = Fp_; - m+ 1.
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(2) F, = [¢F,_,]. Now the smallest value of m for which fp(m¢) > ¢/2 is m = 3,
so the smallest value of Fj for which this case can occur is F; = 8. Since
fp(mp) = dist(md), we have fp(¢pFy_1) < £p(5¢) < 0.091. So fp((Fyp-; - m)¢) <
1 < ¢/2 + 0.091; thus,

[(Fx-1 - m+ 1)¢] = [(Fr-1 - m¢] + 1.
Since fp(¢Fy-1) < fp(me),
Fy = [m¢] = [¢Fx-11 = [md] = [(Fxr-1 - m)¢] + 1 = [(Fyx-1 - m + 1)¢]

as we just proved, so we can just set n = F,_; - m + 1, as before.

Now, since 1/¢ + 1/¢2 = 1, we can apply Beatty's theorem, which states that
{[nal} and {[nb]} form a partition of the positive integers if and only if a
and b are irrational and l/a + 1/b = 1 (see [5], [6]). It follows that any
number that can be written in the form [n¢] cannot be written in the form [842]
for any g, so that Lemma 3.3 follows immediately.

Theorem 3.4: The two sets 4 and B of the Fibonacci-free partition can be writ-
ten in the form

A= {[n¢]} - {[mp]|Ep(md) > ¢/2},
B = {[n¢1} v {[m¢]|fp(md) > ¢/2}.

Proof: First of all, we note that, by Beatty's theorem, 4 and B do indeed form
a partition of the positive integers. From Lemmas 3.1-3.3, we see that this
partition has the property that no two distinct integers from the same set sum
to a Fibonacci number. The theorem then follows from the uniqueness of the
Fibonacci-free partition.

4. Long's Conjecture

Lemma 4.1: If n is a positive integer such that fp(n¢) > ¢/2, then there
exists a positive integer %k such that n = [k¢] and fp(kd) < (¢ - 1)/2.

Proof: First, note that

fp(n/¢) = fp(np - n) = fp(n¢) > ¢/2.
Let a =1 - fp(n/¢). Note that a < 1 - ¢/2. Then

¢[n/91 = ¢(n/d) + ap =n+ap <n+ (1 - ¢$/2)¢ =n+ (¢ - 1)/2.
Now set k = [n/¢]l. It is clear that k has the desired properties.

Lemma 4.2: 1If k is a positive integer such that fp(ké¢) < (¢ - 1)/2, then
fp([keld) > o/2.

Proof: fp([k¢l¢) = fp(ke? - ofp(ke))

fp(keé + k - ofp(k¢))

£p(ké - ¢fp(ke))

fp(ké - £p(k¢) - (¢ - 1)fp(k$))
1 - fp((¢ - 1)fp(k¢))
1-(¢-1)(p-1)/2

6/2.

Lemma 4.3: 1f k is a positive integer such that fp(ké¢) < (¢ - 1)/2, then
[[k¢1¢] = [s¢3], where s = [[k$](2 - ¢)].

Proof: By Lemma 4.2, fp([ké]¢) > ¢/2 = (2¢ + 1)/(2¢ + 2). Thus,
2(¢ + )fp([k91¢) > 20 + 1 = (1 + ¢3)fp([ko1d) > ¢3
- £p([k919) > ¢3(1 - £p([k$19)) = ¢3£p([kd1(2 - ¢))

=+ [[k$1¢] = [[kelo - ¢3£p([k¢1(2 - ¢))].
178 [May
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Now

[k¢l¢ = [k¢1(2 - ¢)¢° = 563 + 63£p([k$](2 - $)).
Subtracting ¢3fp({k¢](2 - ¢)) from both sides and then flooring both sides gives
the required result.

Lemma 4.4: 1f n is a positive integer such that fp(n¢) > ¢/2, there exists a
positive integer m such that [n¢] = [[mé]143] and fp(md) < ¢/2.

Proof: In view of Lemmas 4.1-4.3, we need to show that [n(2 - ¢)] can be writ-
ten in the form [md¢] with fp(m¢) < ¢/2. Now [#(2 - ¢)] = [n(24 - 3)¢]. Let
m= [n(2¢ - 3)1. We claim that this is the desired m. For
n(2¢ - 3)¢ + ¢(1L - £p(n(2¢ - 3)))
n(2 - ¢) + ¢(1 - fp(n(2¢ - 3))).
Now £p(n(2¢ - 3)) = £p(2n6) > £p(¢) so that ¢(1 - £p(n(26 - 3))) < ¢ - 1. Fur-
thermore, fp(n(2 - ¢)) =1 - fp(ne) <1 - ¢/2. Thus,
(2 - ¢) + ¢(L - fp(n(2¢ - 3))) < [n(2 - ¢)] +1 - ¢/2+ ¢ -1
=[n(2 - ¢)]1 + ¢/2.
Hence, [m¢] = [n(2 - ¢)] and fp(md) < ¢/2, as required.

mé

nn

Lemma 4.5: 1If n is a positive integer such that fp(n¢) < ¢/2, there exists a
positive integer m such that [[n$]¢3] = [md] and fp(mé) > ¢/2.

Proof: First, we note that
. : 1
fp(lnele) = 1 - fp((¢ - Dfp(n¢)) > 1 - (¢ - 1)9¢/2 = 3.
(For a justification of the first equality in the above derivation, see the
first five lines of the proof of Lemma 4.2 above.) Now

fp([n¢l63) = £p([n6](2¢ + 1)) = £p(2[nd]ld).
Since fp([n¢le) > %, it follows that fp(2[n¢le) = 2fp([nelé) - 1. So we have
£p([n9143) = 2fp([n)¢) - 1. Thus,

(%) £p([7419%) + ¢(1 - £p([n¢19)) = 2fp([nld) - 1 + ¢ - ¢£p([nd1¢)
b -1+ (2 - ¢)fp([ndl¢)

$-1+2-¢=1.

AN

Now let m = [[n$14%]. We claim that this is the desired m. For
[m¢] = [4([n91¢2 + 1 - £p([n$]¢2))]
= [[n¢)¢3 + ¢ - ofp([nole)] = [[nele3].

The last equality follows from equation (*) above.
It remains to show that fp(m¢) > ¢/2. We have

[m] = [[n9163] = [[ne]624] = [md - ¢ + ¢fp([npl¢2)].
But

-6 + ¢fp([ndle2) = - + ¢fp([nd]¢)

s(£p([n919) - 1) > ¢(3 - 1) = -e/2.

It follows immediately that fp(m¢) > ¢/2, as required.

Theorem 4.6: The set 4 of the Fibonacci-free partition (defined in Theorem 3.4
above) satisfies the equality 4 = {[n¢]} - A', where 4’ = {[s43]|s € 4}.

Proof: From Lemma 4.4, we see that {[n¢]} - 4' C 4, and from Lemma 4.5, we see
that 4 ¢ {[ne]} - 4",
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